THE NULLCONE IN THE MULTI- VECTOR REPRESENTATION OF 
THE SYMPLECTIC GROUP AND RELATED COMBINATORICS 



SANGJIB KIM 

Abstract. We study the nullcone in the multi- vector representation of the symplectic 
group with respect to a joint action of the general linear group and the symplectic group. 
By extracting an algebra over a distributive lattice structure from the coordinate ring 
of the nullcone, we describe a toric degeneration and standard monomial theory of the 
nullcone in terms of double tableaux and integral points in a convex polyhedral cone. 



1. Introduction 

Let GL n and Sp2 n denote respectively the general linear group and the symplectic group 
over the complex number field C. Combinatorics of tableaux provides a unifying scheme 
to understand representation theory of GL n and geometry of the flag varieties and the 
Grassmann varieties. In particular, the theory of double tableaux gives a finite presentation 
of the coordinate ring of the affine space M. Ujm = C n (g) C m which is compatible with 
the natural action of GL n x GL m . Moreover, we can explicitly describe weight bases of 
representation spaces from the combinatorial structure of tableaux. 

In this paper, we develop a parallel theory for the Sp2 n -nullcone A/ic,2n which is defined 
by Sp2 n -invariant polynomials on the space Myn with vanishing constant terms. We begin 
with a known algebro-combinatorial description of the space M n;m as a cell of the Grass- 
mann variety of n dimensional spaces in C m+n . Using this observation, we construct a 
convex polyhedral cone C(M n)Ta ) associated with the space M n)Ta and study the integral 
points in the cone. Then we characterize the defining ideal of A/ic,2n in terms of integral 
points in C(Mk,2n)- This characterization provides a convex polyhedral cone C(A/"k,2n) as_ 
sociated with M^in compatible with the action of GL^ x Sp2 n - Our construction of the 
polyhedral cone C{M^2n) turns out to be related to a fiber product of the Gelfand-Tsetlin 
patterns. 

We also describe explicit joint weight vectors of GL^ x Sp2 n in the coordinate ring of 
A/"k,2n in terms of standard double tableaux. As a result, we obtain standard monomial 
theory for the nullcone and show that the nullcone can be degenerated to an affine toric 
variety presented by an algebra over a distributive lattice. 

The toric degenerations of spherical varieties (e.g., [T] HI [81 [32]) and standard monomial 
theory (e.g., [27, 29J) have been actively studied. Using classical invariant theory, we can 
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study such combinatorial and geometric results in connection with various representation 
theoretic questions. 

The recent papers [TBI \17\ [18] and their sequels construct algebras encoding branching 
rules of representations of the classical groups, and then study their standard monomial 
bases and toric degenerations. With a similar philosophy, [19J and [22J study tensor prod- 
ucts of representations for the classical groups with explicit highest weight vectors. By 
degenerating the muti-homogeneous coordinate rings of the flag varieties, [20J and [21J de- 
scribe weight vectors of the classical groups in terms of the Gelfand-Tsetlin polyhedral cone. 
This paper may be understood as an application of such approaches to the nullcone in the 
multi-vector representation of the symplectic group to obtain explicit combinatorial and 
representation theoretic descriptions of it. For the nullcone associated with representations 
of reductive groups and its interesting applications, we refer readers to [24| [25] . 

This paper is arranged as follows: In Section [SJ we introduce notations for tableaux and 
patterns, and review standard monomial theory for the coordinate ring C[M U)m ] of M n)1u . In 
Section [HI we define the convex polyhedral cone C(M njTa ) associated with a degeneration of 
M n)1u , and study its connection to representations of the general linear group. In Section HJ 
we study the coordinate ring TZ(J\fv 2 n ) of A/"ic2n an d show its standard monomial theory and 
toric degeneration. In Section [5j we describe the integral points in the convex polyhedral 
cone C(A/'k i 2n) f° r Nk^n an d explain its relations to representation theory. 

2. Affine space: M n>TrL 

In this section, we review some results on the Young tableaux, the Gelfand-Tsetlin pat- 
terns, and their applications to representation theory and geometry of the Grassmann va- 
rieties. 

2.1. Tableaux. Let M n ^ m = M n , m (C) be the space of complex n by m matrices: 

(2.1) M n , m = {(x ij ) : 1 <i<u,1 <j <m}. 

A Young diagram or shape is an array of square boxes arranged in left-justified horizon- 
tal rows with each row no longer than the one above it (e.g., E]). We identify a shape 
D with its sequence of row lengths D = (ri ,T2, • • • ). Then the transpose D 1 of D is a shape 
(ci ) C2, ■ ■ ■ ) where Ci is the length of the 1-th column of D. The length 1{D) of shape D is 
the number of rows in D. For example, the shape (4,2, 1) = (3,2, 1,1 ) t of length 3 can be 
drawn as 



For a subset I = [i-i,--- ,ij (respectively J = [ji, ■ ■ ■ , j;]) of {!,-•• ,u} (respectively 
{I,-- - ,m}), which we can think of a filling of shape (!,••• ,1) of length I with its ele- 
ments, we shall call the pair [I : J] an one-line tableau of length £([I : J]) = I. We assume 
that the entries of I and J are listed in increasing order, i.e., 1 < ii < • • • < 1; < n and 

1 < h < ■■■ < ji <m. 
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A partial order ^, called the tableau order, can be imposed on the set of one-line tableaux 

D(n, m) = {[I : J] : |I| = |J| < min(n, m)} 

as follows: [I : J] ^ [I' : J'], if the length of [I : J] is not smaller than that of [I' : J'], and 
i-k < i-k an( i jk < jk f° r eacn k not bigger than the length of [I' : J']. Then it is easy to see 
that with respect to the tableau order D(n, m) forms a distributive lattice (D(n, m), A, V). 

Consider a collection {[Ii : Ji ],•••, [I u : Jul} C D(n, m) with = £([1^ : JJ) for each k. 
A concatenation t of its elements is called a double tableau, if they are arranged so that 
Ik > Wl f° r an k. The shape sh(t) of t is the Young diagram (li , • • ■ , lu)*- For example, 
the following one-line tableaux: 

[123: 124], [13 : 23], [2: 3], [4: 5]. 

form a double tableau of shape (4,2, 1). 

We note that by considering first components 1^ and the second components separately, 
we can think of a double tableau of shape D in terms of a pair of fillings of the same shape 
D. The double tableau consisting of [123 : 124], [13 : 23], [2 : 3] and [4 : 5] can be matched 
with the following fillings T and T + of shape (4,2, 1): 
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(2.2) 

Let us write 6[i : j] for the map from M. n>m to C by assigning to a matrix X € M. n)1u 
the determinant of the I x 1 submatrix of X with rows and columns indexed by I and J 
respectively: 



>[I:J] 



det 



*-U)1 ' ' ' *"Hh 

For a double tableau t consisting of {[1^ : JJ}, we define the corresponding element in the 
coordinate ring C[M n)Tr J of M nim to be the following product: 



am = n 8 ^-h 



1<k<u 

Definition 2.1. A double tableau t is called a standard tableau if the one-line tableaux 
in t form a multiple chain in D(n, m), i.e., 

[Ii :Ji] =<•••:< [I u : Ju] 
For a standard tableau t, we call A(t) a standard monomial. 



Now, let us consider the following subposet: 

L(u,m) = {[I:J]€D(n,m):I = [V-- ,|J|]} 

= {[ji,--- ,ji] : I < min(n,m),l < j! < 



< ji < m} 



For each [I : J] € L(n, m), since the first component I is determined by the size of J, we 
shall write J for [I : J]. Similarly, we can also think of the subposet L'(n, m) consisting of 
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[I : J] with J = [1, • • • , |I|]. Then, a semistandard tableau as found in the literature (e.g., 
[71 E]) can be defined as a multiple chain in such posets with respect to the tableau order. 
For example, the tableaux in (12.21) are semistandard and they can be understood as chains 

[1,2,3] ± [1,3] ^ [2] ± [4] 
[1,2,4] r< [2,3] ± [3] < [5] 

in L'(n, m) and L(n, m) respectively. 

This poset L(n, m) has been extensively studied for the flag varieties, the Grassmann 
varieties, and the determinantal varieties. For example, the elements of L(n, m + n) with 
fixed length n, which we shall denote by Pl(n, m + n), may encode the Plucker coordinates 
for the Grassmann variety Gr(n, m + n) of n dimensional spaces in C m+rL . In fact, this case 
is general enough to study double tableaux thanks to the following correspondence. 

Lemma 2.2. The following map £, gives an order isomorphism from D(n, m) to the 
subposet o/L(n, m+n) consisting of all the elements of length n except [m+1, • • • ,m+ 
n]: for [I : J] e D(n,m) with I = [ii,i 2 , • • • and J = [j h j 2 , • • • ,jvJ, 

£,: [I : J] i — > [ji,j 2 , • • • ,jh,m- + u 1 ,m + u 2 , • • • ,m + Un_ h ] 

where {uy} is defined so that {n+ 1 — ui , • • • n+ 1 — u^} is complement to I in {1 , 2, • • • , n}. 

For the proof, see [301 P- 519]. 

2.2. Gelfand-Tsetlin Patterns. The poset L(m, m), L(m, m) with an extra top element, 
with respect to the tableau order ^ turns out to be a distributive lattice whose join- 
irreducibles form the following poset, which we shall call the Gelfand-Tsetlin(GT) poset: 

T m = {zf ] : 1 < j < i < m} 

satisfying zj i+1) > zf ] > zf^ ] for all i and j ([201 Theorem 3.8]). We call z [i) = [z^\z!}\ • • • , z 

the i-th row of r m . We will draw it in a reversed triangular array so that z- 1 ' are decreasing 
from left to right along diagonals. For example, ^ can be drawn as 

_(4) _(4) (4) (4) 

1 2 3 4 

_(3) _(3) (3) 

^1 ^2 ^3 

z 1 z 2 

z (1) 

Z l 

Definition 2.3. A GT pattern p o/ GL m is an order preserving map from V m to the 
set of non-negative integers: 

p : r m — > Z>o, 

and the i-th row of p is p(z'^) = (p(z| ), p(z 2 ), • • • ,p(z| 1 '')). 

The m-th row of a GT pattern p of GL m will be alternatively called the top row of p. 
By identifying p with its values, our definition agrees with the original one in [10| . 
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Note that for each i, since p(zj ) > p(Zi ) > • • • > p(z{ ) > 0, the i-th row p(z^') of a 
pattern p can be seen as a Young diagram. There is a well-known conversion procedure be- 
tween semistandard Young tableaux and GT patterns compatible with successive branching 
rules of GLk down to GL^i for 2 < k < m. See, e.g., (TTJ Proposition 8.1.6]. 

Lemma 2.4. The following procedure gives a bijection from the set of GT patterns of 
GL m with a fixed m-th row D and the set of semistandard tableaux of shape D with 
entries from {!,-•• ,m}: for a given GT pattern p of GL m with p(z' m ^) = (ti, ■ • • , r m ), 
fill in the cells in Young diagram [r-\ , • • ■ , r m ) corresponding to the skew diagram 
p(z' x ')/p(z' l_1 ') with i for 2 < i < vn, then fill in the cells corresponding to p(z^') 
with 1 . 

The collection V{m) of all the GT patterns of GL m with the function addition forms a 
semigroup, or more precisely a commutative monoid with the zero function as its identity, 
which we shall call the semigroup of patterns for GL m : 

(2.3) V(m) ={p:r m ^Z> }. 

Then V{m) is generated by characteristic functions over order increasing subsets of r m and 
these generators correspond to elements of L(m, m.) via Lemma 12.41 In this connection, 
one can realize the semigroup ring of V[m) as the Hibi algebra Q12J) over the distributive 
lattice L(m, m). Moreover, the semigroup structure is compatible with the combinatorial 
correspondence given in Lemma 12.41 in the following sense: the GT pattern corresponding 
to a semistandard Young tableau t or equivalently a multiple chain Ji ^ • • • ^ J u in L(m, m) 
is the product of the corresponding GT patterns pj k in the semigroup "P(m), i.e., 

u 

(2.4) t = (Ji :<•••=< Ju)^Pt = ^P Jk . 

k=1 

and also pj + py = pjAj' + Pjvj'- We refer readers to [15J and [20J for further details. 

2.3. Standard monomials. Let us review standard monomial theory for the Grassmann 
variety Gr(n, m + n) of n dimensional spaces in C m+n and its application to a presentation 
of the coordinate ring C[M n;m ] of the space M nilu . The proofs of the results discussed in 
this subsection and further details on the structure of C[M n)m ] can be found in [3, §7] and 

m §13]. 

Note that the Pliicker coordinates for Gr(n, m + n) can be matched with the elementary 
basis elements of /\ n C m+n . By taking them as elements of L(n, m + n) with fixed length 
n: 

Pl(n, m + n) = {K e L(n, m + n) : |K| = n}, 

we shall continue to denote by 5]< € C[M n)TU+n ] the maximum minors over M n;m+n whose 
columns are indexed by K € Pl(n, m+n). Then for any incomparable pair K, K' € Pl(n, m+ 
n), by applying the Pliicker relations to Sk^k'i we obtain its standard expression. 
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Lemma 2.5. ([9, p. 234, p. 236]) i) For K, K' € Pl(n, m + n), the corresponding product 
6k6k' ^ C[M n)Ta+n ] can be uniquely expressed as a linear combination of standard 
monomials, i.e., 

(2.5) 5 k 6k' = Y- Cr8j >- 8j l 

r 

where T r ^ T T ' in Pl(n, m + n) for each r. 

ii) In the right hand side, Srak'^kvk' appears with coefficient 1 , and T r < K A K' < 
KVK' ^ T T ' for all r. Moreover, for each (T T ,T r ') ^ (KAK',KVK'), Zei a be the smallest 
integer such that the sum s of the a-th entries of T T and T r ' is different from the sum 
So of the a-th entries of K and K'. TTien s > So- 

By applying the above identities, one can show that any product Yi £ C[M njTrL+n ] with 
K S Pl(n, m + n) can be uniquely expressed as a linear combination of standard monomials 
A(t) = nj ^Kj with Ki ^ K 2 d • • • • See [31 [91 [13] for further details. 

Note that all the maximal minors 5]< € C[M n>m+n ] are invariant under the left multiplica- 
tion of the special linear group SL n on C[M n)TU+n ] and in fact the maximal minors generate 
the invariant ring C[M n)TrL+n ] SLn . This shows that the invariant ring C[M niTa+n ] SLn forms 
an algebra with straightening laws (ASL) with standard monomials A(t) as its basis. 

Now, let us consider the embedding M nim — > M nim+n given by X i — > ( X' | I n ) and 

<,m+n={( X' | I n )} C M n , m+n 

where I n is the n x n identity matrix and X' is the matrix obtained by reversing the rows 
of X = (xy), i.e., 

( x n,l ' ' ' x n,m— 1 x n,m ^ 
, "n— 1,1 "n— 1,m— 1 *n— 1,m 

x' = 

\ ••• Xl )Tn _l xi, m / 

For each K G Pl(n, m + n) which is not [m + 1, • • • , m + n], consider the restriction 
5^ to M nm+n of the maximal minor 5« € C[M. njm+n ]. Then 5^ is equal to, up to sign, 
the minor € C[M n>Ta ] over M n;m with rows and columns given by the one- line 

tableau (K) € D(n, m) via the map £, defined in Lemma [2~2l This provides an algebraic 
realization of the space M n)Ta = M n m+n as a cell of the Grassmann variety Gr(n, m + n). 

Proposition 2.6 ([3] Lemma 7.2.6] [30] p. 522]). The map % from C[M tvu+n ] SLn to 
C[M n ,J: 

gives an isomorphism between C[M nilTl+n ] SLn / ker £, and C[M n)1TL ] where ker £, is the ideal 
generated by (6 [m+1> ... )m+n] - 1). 

Since [m + 1 , • • • , m + n] is the largest element in Pl(n, m + n), standard monomial basis 
elements Or^Kr which do not end with 6[ m +1 — m+u] forrn a C-basis for C[M m! n] SLn / ker 
Using this map we can transfer the multiplicative structure of C [M n!Ta+n ] SLn to C[M n)Tr J. 
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In particular, since £, in Lemma [2T21 is an order isomorphism, the properties of straightening 
laws given in Lemma [231 can be also transferred to any product in C[M. njm ]. 

Corollary 2.7. Let A, B be elements in D(n, m) . Then in the algebra C[M. n)1T J, the cor- 
responding product 6a^b can be expressed as a linear combination of standard mono- 
mials 

(2.6) 5 A 6 B = ^c r 6x r 6 Yr 

r 

such that for each r we have either X T ^ AAB ^ AVB ^ Y r or X r ^ AAB with 8y r = 1, 
and & aab ^ avb appears in the right hand side with coefficient 1. 

Let us consider a non-standard monomial Or%r:Jr] with l T = £([Ir : Jrl) and l-\ > lj > 
• • • . Then, by applying the above relations as many times as necessary, we can express 
Y\ T 5[i T :j T ] as a linear combination of standard monomials with shapes (l^ , 1^, • • • ) l such that 
Lt=i 1 t > Lr=i l r for each k > 1 • Hence we can impose a filtration F sH = {Fg 1 } by shapes 
on the algebra C[M n)1TL ], and then consider its associated graded algebra: 

(2.7) C[M n ,J = Y. FgMC[M n , m ]) 

t(D)<min(n,m) 

gr sh (C[M n , m ]) = Y_ grb h (C[M n , m ]) 

e(D)<min(n,m) 

Finally, we obtain standard monomial theory for C[M n)1Tl ]. 

Corollary 2.8 ([3, Theorem 7.2.7] [30, p. 530]). Standard monomials A(t) form a C-basis 
of C [M n)Tn J . For its associated graded algebra, the D-graded component grj^ (C[M. n)1T J) 
is spanned by standard monomials of shape D . 

We refer readers to [3, 30J and [5j[6] for further details on the ASL structure of C[M n)Ttl ] 
and double tableaux. 



3. Lattice Cone for M n)Tri 

A lattice cone is the intersection of a convex polyhedral cone in IR l for some I with 
1} . We shall construct a lattice cone associated with the space M n)TU in terms of order 
preserving maps on a subposet of the GT poset r m+n for GL m+n . Once C[M n m ] is shown 
to be a flat deformation of the Hibi algebra %D(n,m) over D(n, m), the lattice cone for M njlu 
can be understood as a cone encoding the affine toric variety Spec(HD( n ,m])- The lattice 
cone for M n>m is related to the Gelfand-Tsetlin cones attached to the flag varieties studied 
in [201 EH 128] . 

3.1. The semigroup V n ,m- Let us write 1 for [m+1,--- ,ra + n] G Pl(n, ra + n). For the 
semigroup 'P(m+n) defined in (|2,3|) , let Tin, m) denote its subsemigroup generated by the 
GT patterns pj corresponding to J G Pl(n, m + n). Recall that for a subtractive subset B of 
a monoid (A, +), the quotient monoid A/B is defined by the following equivalence relation: 
a ~ a' if there are b and b' in B such that a + b = a' + b'. 
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Definition 3.1. The semigroup V n ,m. of patterns for M Uim is the quotient of V{n,m.) 
by the multiples of the pattern corresponding to 1 : 

7 7 n,m = ^(n,m)/<p T >. 

Let C[V n ,m\ denote the semigroup ring ofV n}m . 

We can obtain a more explicit description for the elements of V n ,m- Simple computations 
of the bijection given in Lemma [2~4l can easily show the following. 

Lemma 3.2. i) For every p G "P(u, m), the support of p is contained in 

tn = {f Gr m+U :j<4 

it) If p G V(ri, m), then for all zj, Q ' G r m+n with zj, > z n m ' +n ' we have p(zj, a ^) = 

Hi) If p = pp, then p(z b a ') = 1 for z{, Q ' > Zn tl+n o.nd p(zj, a ^) = otherwise. 

Example 3.3. The ordered elements [1 , 2, 3], [1 , 3,4], [2, 5, 6], 1 = [5,6,7] o/Pl(3,7) form 
the following semistandard tableau t of shape (4,4,4): 



1 


1 


2 


5 


2 


3 


5 


6 


3 


4 


6 


7 



and we can visualize its corresponding GT pattern p t for GLj by listing its values as 

4 4 4 
4 4 3 
4 3 2 
3 2 2 
3 2 1 
3 1 
2 

Note that its support is exactly Vj C Yj, and p(z b Q ') = 4 for all z b Q ' > Zj 7 '. 

Then, from the description of supports for p G V{n, m) and p^-, we obtain the following 
characterization for the elements of the quotient V ntm - 

Corollary 3.4. Every element of the semigroup V n ,m °f patterns for M U;m can be 
uniquely represented by an order preserving map to the set of non-negative integers 
from 

r — r n u-7 [q) • T (a) ■> J m+n h 

1 n,m — 1 m+n U^b • — /• 
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Then the GT pattern for GL7 shown in Example 13,31 corresponds to the following order 
preserving map defined on ^4: 

3 

2 

2 2 
2 1 

3 1 

2 

Now we define the convex polyhedral cone associated with the space M n>m as the collec- 
tion of all non- negative real valued order preserving maps over P n)m : 

C(M n , m ) ={f :r n , m ^IR> }. 

Then, by identifying f with its values (f(zj, a) )) € M nm for z{, a) e fn.mi we can realize the 
semigroup "P n ,m of patterns for M n)TrL as the set of integral points in C{M n ^ m ), i.e., the 
lattice cone for M n)1u : 

V n ,m = C(M n>m ) n Z™. 

3.2. Degeneration of C[M n)TT J. We want to consider a degeneration of the algebra C [M n)Tr J . 
We shall use basically the same degeneration technique shown in |8j. 

Recall that the Hibi algebra H\_ over a distributive lattice L is the quotient ring 

Hi = C[Zx : X G L]/ (Z X Zy - ^yZ^y) 

of the polynomial ring by the ideal generated by {zxZy — ZxAyZxVy }• Then the Hibi algebra 
defines an affine toric variety ([12J). 

To extract the Hibi algebra structure from the algebra C [M njTri ] , we will use the following 
weight defined via the correspondence given in Lemma I2.2I 

Definition 3.5. Let us fix an integer N greater than 2(n + m). For [I : J] € D(n, m) 
and £,([1 : J]) = [qi, • • • , q n ], we define their weights wt([I : J]) = wt([qi, • • • , q n ]) as 

wt([I: J]) = 2jm + r-q r )N n - r . 

The weight of a double tableau t consisting of {[Ik : JJ} is defined to be the sum of 
individual weights, i.e., wt(t) = 2^k w ^-([^ ■ W)- 

We shall assume that, by extending the above formula, the weight of [m + 1 , • • • , m + n] 
is equal to zero. We define the weight of Aft) to be the weight of the corresponding double 
tableau t. 

Proposition 3.6. For A, B € D(n,m), let 

Sa^B = Y_ C t 5 X t Sy t 

T 

be the standard expression of 6a&b given in l\2. 6\) . Then, wt(A) +wt(B) > wt(X r ) + 
wt(Y r ) for all r and the equality holds only for (X r ,Y T ) = (AAB,AVB). 



3 

(3-1) 3 a 
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It follows directly from Lemma [23] and Corollary E3 Let £,(A) = K, £,(B) = K', £,(X r ) = 
T T , and f,(Y T ) = %. If K = [ki , • • • , k n ] and K' = ■ ■ • ,1<J, then the t-th entry of K A K' 
is min{kt, k[} and the i-the entry of K V K' is max{ki, k-} for 1 < i < n. Therefore, if 
(T T ,T r ') = (K AK',KV K), then we have wt(A) + wt(B) = wt(X T ) + wt(Y T ). Otherwise, 
from the second statement of Lemma 12.51 we have wt(A) + wt(B) > wt(X r ) + wt(Y T ). 
Note that if 5y t is 1 , then as discussed after Definition 13.51 the weight of the corresponding 
element [m+ 1 , • • • , m + n] is 0, and therefore we still have the inequality wt(A) + wt(B) > 
wt(X T ) +wt(Y r ) = wt(X r ). 

Theorem 3.7. The algebra C[M n)1T J is a flat deformation of the Hibi algebra %D(n,m) 
over D(u, m). More precisely, there is a flat C[t] module whose general fiber is iso- 
morphic to C[M n) J and special fiber is isomorphic to the Hibi algebra over D(n, m). 

Proof Let us define a Z-filtration F wt = {F]f } on <C[M 

n.TnJ with respect to the weight wt, 

i.e., F^CtM^J) is the C-span of the set 

{A(t) : wt(t) < d}. 

The filtration F wt is well defined, since every product F] 5a can be expressed as a linear 
combination of standard monomials with smaller weights by the above Proposition. For all 
pairs A, B G D(n,m), since wt(A) + wt(B) = wt(AAB) +wt(AVB), 5 A 5 B and Saab^avb 
belong to the same associated graded space. Therefore, we have s A - g r sb = Saab 'gr savb 
where sc are elements corresponding to 5c in the associated graded ring gr wt (C[M n)Tr J) 
of C[M n,m] with respect to the filtration F wt . Then it is straightforward to show that 
the associated graded ring gr wt (C[M n)1TL ]) forms the Hibi algebra over D(n, m). From the 
general properties of the Rees algebras (e.g., [1]), the Rees algebra V} of C[M n)1lx ] with 
respect to F wt : 

^ t = 0F7(C[M n , m ])t d 

d>0 

is fiat over C[t] with its general fiber isomorphic to C[M n)Ta ] and special fiber isomorphic 
to the associated graded ring which is Hd^). □ 



3.3. Representations. Every irreducible polynomial representation of GL^ is, via the cor- 
respondence between dominant weights and Young diagrams, uniquely labeled by a Young 
diagram with no more than k rows. Let denote the irreducible representation of GL^ 
labeled by Young diagram D. Now we impose an action of GL n x GL m on the space M n>m 

by 

(3.2) (9i,92)Q = (gl)- 1 Qg2 1 

for gi G GL n , g2 G GL m , and Q G M niTa . Then we have the following decomposition of the 
coordinate ring C[M nilTL ] with respect to the action: 

C[M n , m ] = Y_ Pn ® Pm 
«(D)<min(n,m) 

where the summation runs over all D of length £(D) less than or equal to min(u, m). This 
result is known as GL n -GL m duality. See [11, Corollary 4.5.19] and [14, Theorem 2.1.2]. 
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Every minor 5[ I: j] over M n>m with [I : J] € D(n, m) is scaled under the action of the 
diagonal subgroups of GL n and GL m . Therefore, standard monomials A(t) = Ok=i %ic:JiJ 
can be seen as joint weight vectors for the irreducible GL n x GL m representation pf^ (g) pj^ 
where D is equal to sh(t), i.e., D = : Ji]),--- ,£([I T : Jr]))*. Then, by Corollary [STB] 

the above representation decomposition is compatible with the associated graded algebra 
in J22J in that gr^(C[M n , m ]) = p£ ® p£ an d 

gr sh (C[M n ,J)= Y. Pn^Pm- 
f(D)<min(n,m) 

On the other hand, if we write for the collection of elements p in the lattice cone 
7\ m for M nm such that p(z (m) ) = D, then V n , 

m can be expressed as the following disjoint 

union: 

Vn,m = |J V° m 

f(D)<min(n,m) 

over Young diagrams D of length not more than min(n, m). 

Recall that the GT patterns p of GL^ with fixed top row p(z^) = D encode weight basis 
elements for the irreducible representation of GL^ with highest weight D ([10J). Hence 
the joint weight vectors of p^ ® pj^ can be encoded by pairs of GT patterns of GL n and 
GL m with the same top row D. 

Proposition 3.8. The Hibi algebra %D(n,m] over D(u, m) is isomorphic to the semi- 
group ring C[P n>m \. 

Proof. Since the multiple chains in D (n, m) provide a C-basis of the Hibi algebra over 
D(n, m) (|12j), let us find a bijection between the set of standard tableaux of shape D and 
V® m - For a standard tableau t of shape D consisting of {[1^ : JJ}, consider the GT pattern 
p of GL n+m corresponding to the semistandard tableau whose columns are {£,([1^ : JJ)} 
where £, is the bijection given in Lemma [2~2l Then this correspondence is injective, and it 
is straightforward to check that p is an element of V{n, vn) satisfying p(z( m ') = D. To see 
surjectivity, note that p as an element of V n ,m = Vi^m)/ (Pf) can he decomposed into 
two parts having supports in {z^ G r njTa : a > m} and in {zj, € P nim : a < m} respectively, 
and therefore GT patterns of GL n and GL m with the same top rows D. So we have an one- 
to-one correspondence between V® m and the set of standard tableaux of shape D. This 
bijection provides an algebra isomorphism from our discussion (|2.4j) . □ 

In the proof we used the following observation: r nim can be seen as a gluing of two GT 
posets P n and r m along their top rows. For instance, the pattern in the quotient V n ,m given 
in (|3,1|) can be seen as a fiber product of GT patterns for GL3 and GL4 over their top rows: 

3 2 2 3 2 2 

3 2 1 

3 2 and 



Remark 3.9. This is a GT pattern version of the correspondence given in Lemma 
\2.2\ for tableaux. That is, for a standard monomial A(t) = Ok^UkJkl' ^ ^ an< ^ 
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T + be the semistandard tableaux whose columns are {KJ and {JiJ respectively, and let 
£([Ik • Jk]) = Kk G Pl(n, m+n) for each k. Then the pattern p G V{r\.+m) corresponding 
to the semistandard tableau with columns {K^} can be, as an element ofVn tTn , identified 
with the gluing of p_ and p + along their top rows where p G V{n) and p + G V[m) are 
the GT patterns corresponding to T and T + respectively. 

4. Standard Monomial Theory for A/"k,2n 

In this section, we define the nullcone TV^m i n the multi-vector representation of the 
symplectic group and consider the GL^ x Sp2n action on it. Then we study standard 
monomial theory and a toric degeneration of A/k^n- Having an explicit description of 
the standard monomials for C[Mk,2n]i we develop a relative theory to Mk,2n for A/k,2n by 
investigating the defining ideal of 7Vk,2n- 

4.1. Nullcone for Sp2 n - For the space C 2n with the elementary basis {ej, let us fix our 
skew symmetric bilinear form (, } on it such that for every i, e2i-i and e2i form an isotropic 
pair with (e2i-i , e2i) = 1 • We can consider the space Myn of k x 2n complex matrices as 
k copies of C 2n with the natural action of the symplectic group Sp2 n - Then by the first 
fundamental theorem of invariant theory (e.g., [HI Theorem 4.2.2][14, Theorem 3.8.3.2]), 
the Sp2n invariants of ClMk^nl are generated by the basic invariants = (vi,Vj) obtained 
from row vectors and v,, or in terms of the coordinates specified in (I2.1j) . 

n 

Tij = (Xi,2u-1*j,2u — Xj,2u-1*i,2u) 

for 1 < i < j < k. 

Definition 4.1. The nullcone A/k,2n f or Sp2n is the subvariety of M^^n defined by the 
Syin-invariants with vanishing constant terms. 

If we let Z denote the ideal of CfMyJ generated by {r^ : 1 < i < j < k}, then it is a 
radical ideal and the coordinate ring of Wk,2n is 

Wk,2u) = C[M^ 2n ]/l 

See [14, Theorem 3.8.6.2]. One can also study the nullcone 7Vk,2n as the zero fiber 7T _1 (0) 
of the quotient n : Mk,2n — > Mk,2n//Sp2n and investigate the orbit structure. See [26 J for 
this direction. 

Prom the action of GL^ x GI_2 n on Mk,2n given in (|3,2p . by taking Sp2 n as a subgroup of 
GL2 n , we can consider the action of GL^ x Sp2 n on C[Mk,2rJ- Moreover, since GLk and Sp2 n 
commute with each other in this action, the ideal 1 is stable under GLk x Sp2 n - Therefore, 
we can regard 7£(7Vk,2n) as a GLk x Sp2 n stable complement of 1. 

Recall that by highest weight theory, every polynomial representation of GLk and Sp2 n 
can be uniquely labeled by a Young diagram with no more than k and n rows respectively. 
We let and o"^ denote the irreducible representations of GLk and Sp2 n respectively 
labeled by Young diagram D. 
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Proposition 4.2 ([TH Theorem 3.8.6.2]). Under the action o/GL k x Sp2 n , we have the 
following decomposition: 

W k ,2n) = Y- P ° ® 
r(D)<min(n,k) 

where the summation runs over all Young diagrams D mtt length no more than 
min(k, n) . 

We remark that the space %(M k) 2 n ) of Sp2 n -frar77ioracs in C[M k) 2 n ] can he defined by 
the kernel of the symplectic analogs of Laplacian differential operators. Then, as is the 
case for TZ(Ah 2n)> the space of harmonics is stable under the action of GL k x Sp2 n - In 
fact, H{M-]c,2n) an£ i ^(A/k,2n) share the same decomposition under the action of GL k x Sp2n 
([HUH])- Therefore, our results may be used to study the space of harmonics. 

4.2. Standard Monomials for 7V k) 2n- Let us fix some notations. We write cu for the 
following Sp2 n -hivariant element in /\ C 2n : 

cu = 62u-l A e 2u G /\ 2 C 2n . 

For J = [ji , • • • , jp] € L(2n, 2n), write ej for the elementary basis element ej, Ae, 2 A- • -Aej p G 

A p c 2n . 

Definition 4.3. .An cu-sum o/Sp2 n is a linear combination Y-d=i c dJd °f elements from 
L(2n, 2n) such that 

L d=1 Cde Jd GcuA(/\ P_2 C 2 -) 
for some p > 2. We denote by D.i n the collection of w- sums of Sp2n- 
Proposition 4.4. The following set generates the ideal 1 C C[M k) 2 n ] °f the nullcone 

© = c dS[i: Jd j : ^ d c d J d G 2n }. 

Proof. The ideal generated by contains 1, because the basic Sp2 n -hivariants rtj are 
elements of with I = = [2d — l,2d] and = 1 for 1 < d < n. For 

e kl Ae k2 A - • • Ae kp _ 2 G /\ v ~ 2 C 2n , let us consider the following elements in cuA(/\ p ~ 2 C 2n ): 

cu A (e kl Ae kz A • • • Ae kp _ 2 ) = e 2u _i A e 2u A e kl A e k2 A • • • A e kp _ 2 

= ZL -^' A ^ 2 A...Ae jp ) 

where {ji, • • • ,jp} = {2u— 1,2u, ki, • • • , k p _2} with ji < • • • < j p . If there is a repetition in 
{2u— 1 , 2u, ki , • • • , k p _2}, then cr u = 0. If there is no repetition in {2u— 1 , 2u, ki , • • • , k p _2}, 
then cr u is the signature of the permutation sorting 2u — 1 , 2u, ki , • • • , kp_2 in increasing 
order. Since cu A (/\ P ~ C 2n ) is spanned by these elements, the elements of © are linear 
combinations of their associated elements Y.u=-\ °u% : j u ]. The column expansions for the 
determinants 6[i : j u ] show that ^ u cr u 6[i : j u ] is an element of the ideal generated by the basic 
Sp2 n -hivariants {r^}. This shows that is contained in 1, and therefore © generates the 
ideal 1. □ 
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Next, we characterize standard monomials of C[Mv2 n ] associated with the elements of 
the ideal X, and then we define standard monomials for the quotient 7£(A/k,2n)- Let us 
impose the lexicographic order on the elements of the same length in L(2u, 2n). We say 
• • • ji-p] >iex []!)••• ) jp] if the left-most nonzero entry of (ii — ji, • • • , ip — jp) G ^ v is 
positive. We fix the element J = [1,3, •• • , 2n — 1] of length n having 2d — 1 as its d-th 
smallest entry for 1 < d < n. 

Lemma 4.5. Let 2^d=i c dJd be an w-sum o/Sp2 n - Then the smallest element Ji among 
{Jd} with respect to the lexicographic order satisfies Ji ^ J. Conversely, z/Ji G L(2n, 2n) 
satisfies Ji ^ J, there is an w-sum of Sp2n whose smallest non-zero term with respect 
to the lexicographic order is Ji . 

In particular, note that if £(J) > n, then J ^ J. The above Lemma is from computations 
of the fundamental representations of Sp2n, which can be realized in the quotient of f\ C 
by the ideal generated by tu. Its proof can be found in [20, Proposition 5.6, Proposition 
5.9] and [7\ §17]. See also [2 J for a combinatorial description of such computations. 

Definition 4.6. Let us define a distributive lattice D(AT) forAf = N\ c> 2n as 

D(Af) ={[I : J] G D(k,2n) : t[[l : J]) < min(k,n) and J h J}. 

A multiple chain t = (Xi ■< Xi ^ ■ ■ ■ ) in the poset D(jV) is called an M -standard 
tableau, and the corresponding monomial Aft) = Y[ T ^x r € GCM^n.] ^ s called an M- 
standard monomial. 

Proposition 4.7. i) For A, B G T)[M), the corresponding product 6a^b i- n 7£(A/k,2n) can 
be expressed as a linear combination of N -standard monomials: 

^a^b = X. c i- 5 x t 5y t 

r 

where 5y r can possibly be 1 , and Saab^avb appears in the right hand side with coeffi- 
cient 1 . 

ii) Moreover, in the above expression, wt(A) +wt(B) > wt(X r ) + wt(Y T ) and the 
equality holds only for (X r ,Y T ) = (A A B, A V B). 

Proof. Note that for A, B G D(JV), AAB and AVB belong to D(7V) and the corresponding 
element SaabSavb appears in the standard expression of 6a^b in CfM^n] by Proposition 
13.61 Then the first statement follows easily from the following computation: starting from 
the standard expression IZr^Xr^Yr °f &a^b i n C[Mv2 n ] given in Proposition 13.61 if there 
is X T = [I : J] which is in D(k, 2u)\D(A0 then we can obtain the TV-standard expression of 
&x r &Y r by successive applications of the elements (6 — Y.& s d^[i:Jd]) ^ n ^ e g enera ting set 
of the ideal X such that [I : J J >\ ex [I : J] for all d, combined with the relations in Proposition 
13.61 if necessary. We can always find such elements in by Lemma 14.51 For the second 
statement, note that after replacing a non A/"-standard term Sx r §Y T by s d%:j d ])5Y r) the 
weights of new terms wt([I : J<J) + wt(Y T ) are strictly smaller than wt(X r ) + wt(Y r ). If a 
term 6x t §y t i s already A/"-standard, then the inequality of the weight directly follows from 
Proposition 13.61 □ 
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Now we state standard monomial theory for the nullcone M^in an d show its degeneration 
by the same method used for C[M. njm ] in Section [31 

Theorem 4.8. The M -standard monomials inC[M^2n\ project to a C-basis of 7£(Ak,2n.) ■ 
In particular, the N -standard monomials Aft) of shape sh(t) = D project to a basis of 

Pk 

Proof. For a standard monomial Or %r:Jr] °f C [Mi^rJ , if Js ^ J for some s, then we find 
% S :J S ] _ Ld c d 5 [i s :J d ,s] G with Jd,s >iex Js f°r all d by Lemma [4T5J Then 



d / T^S 



6 [I s :Js 

is in the ideal I having the monomial Y[ r <% T :j r ] as its initial term. By repeating this proce- 
dure, combined with the relation in Proposition [477] if necessary, we can express Y[ T % r :j T ] as 
a linear combination of A/"-standard monomials. This implies that AA-standard monomials 
project to a spanning set of the space TZ{M^,2n)- Moreover, since the subspace of 7£(Ak,2n) 
spanned by ./V-standard monomials of shape D is stable under GL^ x Sp2n, the dimension 
of the space p]^ a\\ is less than or equal to the number of AA-standard monomials of shape 
D. 

Now we claim that the number of AA-standard monomials of shape D is exactly the 
dimension of the space p{? <g> cr^. For an A/"-standard monomial Or^HrJrl °f shape D, the 
row indices {I T } form a semistandard tableau T of shape D with entries from {!,-•• , k}. 
Then, the number of such semistandard tableaux is equal to the dimension of p]^ (e.g., 
[H]). On the other hand, the column indices {J T } form a semistandard tableau T + of 
shape D such that each column is greater than or equal to J. The set of all possible such 
semistandard tableaux T + with entries from {1 , • • • , 2n} labels the weight basis of cr!? n (e.g., 
[2, 20J). Therefore, the number of all the A/"-standard monomials A(t) with sh(t) = D is 
equal to the dimension of p]^ ® o® n . This finally shows that the AA-standard monomials 
with shape D project to a C-basis of p^ (g) o^. □ 

Theorem 4.9. The algebra ^(Ak^n) ^ s a fl a t deformation of the Hibi algebra over 
D(A0- More precisely, there is a flat C[t] module whose general fiber is TZ{N^in) and 
special fiber is isomorphic to the Hibi algebra H-uiN) over D(A/*). 

Proof. From Theorem 14.81 every element of 7£(Ak,2n) can be uniquely expressed as a linear 
combination of A/"-standard monomials A(t). Hence, we can impose the same filtration F wt 
of CtMi^rJ on 1Z[N^2n) y i a the weights wt on AA-standard monomials (Definition 13.51 with 
D(k,2n)): F^^A^n)) is the C-span of the set 

{A(t) : wt(t) < d}. 

This filtration is well defined, since in the standard expression ^ r c r A(t r ) of any product 
Y[ 5a, the weights wt(t T ) are smaller than the weight of ]~J 6a by Proposition 14.71 Moreover, 
since the equality holds only for (X T , Y T ) = (AAB, AVB), as in the case for the space M^n, 
we have the relation sa - g r Sb = Saab 'gr Savb where sq are elements corresponding to 5c in 
the associated graded algebra gr wt (7^(A/ic,2n)) with respect to F wt . Therefore it is easy to 
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see that the associated graded algebra forms the Hibi algebra over D(J\f). Now for the flat 
degeneration, we can construct the Rees algebra V}\ 

^ t = 0F7(W k , 2n ))t d 

d>0 

with respect to F wt , then from the general properties of the Rees algebras (e.g., p]), TZ l is 
flat over C[t] with general fiber isomorphic to 7£(A4,2n) and special fiber isomorphic to the 
associated graded algebra which is %d(a/> ^ 



5. Lattice Cone for AA k)2n 

In this section we study a lattice cone associated with A/" k) 2n- As is the case for M n)Ta , 
it turns out that each point in the lattice cone for A/"ic,2n can be identified with a pair of 
Gelfand-Tsetlin patterns. 

Proposition 5.1. Let A(t) = Or %rjr] ^ e an N standard monomial and p t G 7\,2n be 
the pattern corresponding to A(t). Then, p t has its support in the following subposet 

°/ r k,2n ; 

(5.i) r k)2 n = r k)2n \ (A u b) 

where the subsets A and B of Vm+k are defined as 

A = {z[ a) G r 2n +k : a < In and b > (a + 1 ) /2}; 
B = {z[ a] G r 2n+k : z (2n ' ^ > zl Q) }. 

We shall prove it in a few steps. First, note that if a GT pattern p G "P(k + 2n) of GL 2n +ic 
corresponds to an A/"-standard monomial, then this Proposition says that the length of the 
2n-th row is at most min(k, n) and the support of p corresponding to the bottom 2n rows 
is contained in the "left half" of C r2 n+k . 

Example 5.2. For k = 4 and n = 3, let us consider the following M standard monomial 
forM 4yG : 

5 [1 23: 1 35] 6 [1 24: 1 36] S [1 2:24] 5 [1 3:35] 5 [1 :4] 

Then the corresponding semistandard tableau with respect to £, given in Lemma \2.2$ is 
the following chain in Pl(4, 10): 



1 


1 


2 


3 


4 


3 


3 


4 


5 


7 


5 


6 


7 


7 


8 


7 


8 


8 


9 


9 
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and we can visualize its corresponding GT pattern for GLio by listing its function 
values as 



5 5 5 5 
5 5 5 5 
5 5 5 3 
5 5 4 1 
5 4 2 
5 4 10 
5 3 
4 2 
3 
2 

Note that the length of the 6-th row (5, 4, 2) is 3 and the support corresponding to the 
bottom six rows is contained only in the "left half" of the poset of C Ho- 

Let us write 1 for [2n+ 1, • • • ,2n + k] G Pl(k, 2n + k), and write pp for the GT pattern of 
GL2 n+ k corresponding to 1 via Lemma [2~4l Recall that J = [1,3, • ■ ■ ,2n — 1] G L(2n,2u). 

Lemma 5.3. Let [I : J] G D(k, 2n) be an one-line tableau and K = £,([1 : }]) be the 
element o/Pl(k, 2n + k) corresponding to [I : J] via Lemma \2.2i Let supp(px) denote 
the support of the GT pattern p« corresponding to K. // J ^ }, then the following 
intersection 

supp(pi<) n {z£ ] G r 2n+ k : a < 2n and b > (a + 1 ) /2} 
is non-empty. Conversely, if ] >z ], then the intersection is empty. 

Proof. This is an easy computation similar to [20j Lemma 5.11]. □ 

Recall that for each standard monomial A(t) = Or%rJr] °^ ^t^ic,2n]i by the bijection 
constructed in the proof of Proposition 13.81 we can find its corresponding pattern p t G 7\ 2n 
for Mic^n- More precisely, p t as an element of V{k,2n) is the sum of GT patterns p r 
of GL2n+k corresponding to f,([I T : J T ]) where L, is the bijection given in Lemma [2.2i If 
Aft) = T % r :Jr] * s a A/"-standard monomial, then J r y J for all r. Therefore, by the 
above Lemma, the support of p t G 7\,2n does not intersect with {zl G Fk + 2 n : a < 2n 
and b > {a + '\)/2}. Also, note that J £ J if £(J) > n and that £(I) < k. Then the 
condition that p t is supported in n^nVtzj, G fk + 2 n '■ z mi^(k n )+i ^ zi 1 follows from the 
fact £([I : J]) < min(k,n) for [I : J] G D(jV). This finishes the proof of Proposition I5TT1 

Now by using the poset identified in (15.11) . we can define the semigroup and the cone for 

A/" k ,2n. 

Definition 5.4. The semigroup V{M^,2n) of patterns for ^ s the set of order pre- 

serving maps from F k,2n to the set of non-negative integers with the usual function 
addition as its product. We let C[P(A/ic,2n)] denote the semigroup ring o/ 7 ? (A/ic,2u)• 
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We can define the convex polyhedral cone associated with the space A/ic2n as the collection 
of all non- negative real valued order preserving maps on Fk,2n.: 

Wk,2n) = {f : F k ,2n -> M> }. 

Then, by identifying f with its values (f(zj, a) )) € M N for z[ a] £ Fk. 2n, we can realize the 
semigroup V{N]c,2n) of patterns for A/jc,2n as the intersection of C(A/"k,2n) with Z N , i.e., the 
lattice cone for Nk,2n.: 

VWvtn.) =C(AA k , 2n )nz N 

where N is equal to the number of elements in the poset Fk,2n- Let us denote by F , (A/k i 2 n )D 
the collection of p G V{M^2n) whose 2n-th row is equal to Young diagram D, i.e., p(z' 2n ') = 
D. Then the lattice cone for 7Vk,2n can be expressed as the disjoint union 

,2n)D 

D 

over all D with £(D) < min(k, n). 

The following is a lattice cone version of Theorem 14.81 

Proposition 5.5. i) For N = A/k,2n; the Hibi algebra %d(A0 over D(W) is isomorphic 
to the semigroup ring C[P[J\f]c,2n)} ■ H) There is an one-to-one correspondence between 
V{Mk,2n)D and the set of weight vectors for p]^ <g) in TZ[Mk,2n)- 

Proof. The proof of the first statement is parallel to that of Proposition 13.81 Note that the 
multiple chains in D(JV) provide a C-basis for the Hibi algebra %d(A0 over D(7V) ([12J). 
The pattern corresponding to a ./V-standard tableau consists of two parts having supports 
in {zj^' G Fk,2n : o. > 2n} and in {zj^ € Fk,2n : o. < 2n} respectively, and therefore GT 
patterns of GLk and Gl_2 n with the same top row D. Furthermore, by Proposition 15. 1\ such 
GT patterns of Gl_2 n have their supports in {zj,"' € Fk,2n : a < 2n and b < (a + 1 )/2}, and 
then they represent GT patterns for Sp2 n (e.g., [20J). Hence the correspondence given in 
Proposition 13.81 provides a bijection between the set of TV-standard monomials of shape D 
and the set of pairs of patterns (p_, p + ) where p and p + are GT patterns for GLk and Sp2n 
respectively with the same top row D. Therefore, we obtain the bijection between the set 
of weight vectors for p^ <g> o - ^ and T'{M^2n)'D- D 

Example 5.6. The GT pattern o/GLio given in Example \5.Z& considered as an element 
°f 7^4,6 = ^(4,6)/ (p^), can be visualized as a pattern over r^g as follows: 

5 

5 3 
5 4 1 
5 4 2 
5 4 1 
5 3 
4 2 
3 














2 
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Note that the non-zero entries are corresponding to the poset F^e- As we discussed 
in Remark \3.9\ for M n>1U) it can also be seen as the fiber product of two GT patterns, 
one for GL4 and the other for Sp6, along their top rows: 

5 4 2 

5 4 2 5 4 1 

5 4 1 J 5 3 

and 

5 3 4 2 

5 3 



The above GT patterns correspond to the following semistandard tableaux of shape 
(5,4,2) via the conversion procedure given in Lemma \2.4 ' 



1 


1 


1 


1 


1 




1 


1 


2 


3 


4 


2 


2 


2 


3 






3 


3 


4 


5 




3 


4 








and 


5 


6 









They were denoted by T and T + respectively in the proof of Theorem \4-8[ and they 
can be easily read from the row indices and the column indices of the M -standard 
monomial in Example 15,21 



Finally, we remark that the discussion in [15] on a simplicial decomposition of a polyhe- 
dral cone and its relation with an algebra decomposition can be directly applied to our case, 
and then we can interpret standard monomial theory of 1Z[N^2n) i n terms of a simplicial 
decomposition of C(A/'i C) 2n)- More precisely, if we take a maximal linearly ordered subset S 
of D(A0, then all the products of elements from 

S = {b m e W k , 2n ) : [I : J] G S} 

are ./V-standard monomials. Therefore, elements in S are algebraically independent and 
generate a polynomial subring of lZ{M^2n)- On the other hand, a computation of Lemma 
12.41 shows that S must be induced from a linearization of the poset F k,2n- Moreover, from 
our construction of C(A/k,2n) in terms of Fv,2n, all possible linearizations of Fk,2n give rise 
to a simplicial decomposition of the cone C(A/"k,2n)- Consequently, we can obtain a decom- 
position of 7£(A/k,2n) into polynomial rings. This decomposition is not disjoint, however, 
it is compatible with a simplicial decomposition of C{N^i n ) induced from linearizations of 
Fk,2n- F° r more details in this direction, we refer readers to [15J. 

Acknowledgment. The author thanks Roger Howe for helpful conversations on this 
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